(Tore Wlare k. Koo

There are 13 problems (totalling 150 points) on this portion of the examination. Record
vour answers i your blue book(s). SHOW ALL WORK.

1. (15 points.) Evaluate the following limits:

, x 9
(a) Jl»lil:l; L: —3 2 31:}

(b) lim r?e*

)

! ) m 1/r
(c) }111(1) (tzm <l, + I>>

2. (15 points.) Evaluate the following integrals:

(a) / o Inzde

b x? =2 J
()/x?—:z?—Q *
dx

C e e e .
(© 2+ 4
3. (15 points.) Determine whether each of the following series converges or diverges.

Justify your answers.

= Inn
(@) p —
n
n=1
(s o] 3
(=1)"n
b A A
(b) Z n?+ 10
n=1
= nl
(C) edn+l
n=1 o ,
i ; : , n*(x + 2)"
4. (10 points.) Find the interval of convergence of the power series Z .—(—)”—)

n=1

(10 points.) Find the maximum and minimum values of the function f(r,y) = ry

on the ellipse r? + 9y° = 18.

n

6. (10 points.) Let C' be the circle 2% + y? = 4, oriented counterclockwise. Compute

/(ry2 —yVde + (2 + 2Py dy.
JCO

(15 points.) Let R be the solid in 3-dimensional space above the ry-plane, below the
) 5 . . . > 9
2%+ y?, and inside the evlinder 2° + y= = 4.

—~1

cone z =
(a) Express ///(;1: + 7+ 27)dV in rectangular, eylindrical, and spherical coordi-
JJSIr
nates.

(b) Evaluate one of the integrals in part (a).



9.

10.

I1.

12.

13.

(10 points.) The temperature at the point (r.y.z)is
i L ) LA
T(r.y,z) = —sin(mry) + In(z* + 1) + 60.
s

(a) Find a vector pointing in the direction in which the temperature increases most
rapidly at the point (2, ~1,1).

(h) Let # = —i+ 2j + 2k. (Notice that i is not a unit vector). \What is the rate of
change of the temperature at the point (2, —1.1) in the direction of &7

(10 points.) Cousider the function

2uy? + 1ty
e if X, # 0, 0
fley)=q o2 +y? (7.4) # 0.0)

(a) Compute f,(0,0) and £,(0,0).
(b) Compute the directional derivative Dy f(0,0), where 7 = (1/V2,1/V72).

(¢) Explain why f is not differentiable at (0, 0).
(10 points.) Let M be a 4 x 6 matrix with real entries.

(a) Explain why the columns of M cannot be linearly independent.
(b) Assume that the rows of M are linearly independent. Determine the dimension
of the null space N(M) = {v € R® | Mv = 0}. Justify your reasoning.

(10 points.) Let V be the vector space of polynomials with real coefficients and of
degree at most 3, and let W = {f € V | f(0) = f”(0) and f'(1) = 0}.

(a) Prove that W is a subspace of V.
(b) Find a basis for W.

(10 points.) Let W be a finite dimensional vector space, and let U C W and V C W
be subspaces. Define U + V = {fu+v]juelUwve V1.

(a) Prove that U + V is a subspace of W.

(b) Suppose {wuy,...,u,} is a basis for U, and {vi,... 1.} is a basis for V. Prove
that {uy, ... um, vy, ... U } spans U + V.

(¢) Prove that dim(U + V) < dim(U) + dim(V'), where dim(...) denotes dimension.

(10 points.) Let M be the matrix

M=

[mact SNC TR S
SRR
N OO

(a) Find the eigenvalues of M.
(b) Is A diagonalizable? Why or why not?

]
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Fridayv, March 27, 2009

Tnstructions: Do all four of the following problems. Write vour solutions aud all seratehwork
in vour blucbook(s). Show all your work, and justify your answers.

L. (25 points). Let G be a group. and let s € G The contralizer of s i (7 1s defined to be
Cls)={ge G :gs=sy}.

(a). (10 points). Prove that ('(s) is a subgroup of GG,
(b). (5 points). Prove that (s) is contained in C(s).
(Recall that (s) is the subgroup of G generated by s.)

(¢). (10 points). Prove that (s) is a normal subgroup of C'(s).

2. (25 points). Let S, denote the symmetric group of degree n. also known as the group
of permutations of the set {1.2,...  n}.
Let Y C {1.2,....n}. Define Hy ={f € S,: f(y) €Y for all yeYh

(a). (15 points). Prove that H, is a subgroup of S,,.
(b). (10 points). In the case n = 4 and ¥ = {1, 2}, list all the clements of #, .

3. (25 points). Let R be a ring.

(a). (10 points). Define what it neans for a subset [ C R to be an ideal of R.

If you use other terms like “closed” or “coset” or “subgronp” or “subring” or “maximal” in
vour definition. you must define those terins as well.

(). (15 points). Let I C R be an ideal of R. let S be another ring, and let o« R — S be
anonto homomorphisi. Prove that o(/) = {o(r) e I} is an ideal of S,

L. (25 points). Let F be a field. lot 7 = Flr] be the ring of polynomials in one variable
with coefficients in F. and let f(r) € R be a polynomial of degree 2009, Let,

= {4 f(r): g € R}

be the set of all polynomials which are mltiples of f(r). It is a fact. which vou HIAY assie,
that T is an ideal of 1.

(). (10 points). Forany ¢. h & [7. prove that [ 4y = T+ /it and only if (= Iy is divisible
by f.

(h)y. (15 points). Prove that for any g € 1 there is a nnigque polvnomial 71 ¢ R with
deg i <2009 such that [+ g =1+ ).
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Work the following five problems. Record your answers i1 the blue hook provided.
The nunber of points each problem is worth is indicated in parentheses.

PLEASE SHOW ALL OF YOUR WORK.

1. (10 points) State the Heine-Borel Theoren.

2. (25 points) Show that the sequence of functions { f, } with f,(z) = 2"(1—z) forn e N
converges uniformly on [0, 1] to the zero function.

7=

3. (25 points) Let s,, =
k=1

(n+ 2) for every n > 0.

[SeR I

(a). Use induction to prove that son >

= 1
(b). Use part (a) to prove that Z — does not converge.
n

n=1

4. (20 points) Prove that a continuous real-valued function on a compact set must be

bounded.

(20 points) The boundary 9A of a set A of real numbers is the set of points » € R
such that for every e > 0, the ball of radius ¢ centered at r contains a point in A anc

[

a point not in A.
Prove that A4 is closed (i.e., contains all of its liniit points) if and only if it contains its

boundary.



AMHERST COLLEGE

Department of Mathematics and Computer Science

COMPREHENSIVE EXAMINATION

Calculus and Linear Algebra

2:00 pm Friday, January 30, 2009

Seeley Mudd 205



There are 13 problems (totalling 150 points) on this portion of the examination. Record
your answers in your blue book(s). SHOW ALL WORK.

1. (15 points.) Evaluate the following limits.

(a) 31:1_% (i er 1— 1)

(b) lim (sec z)/**

T+

2z + |z} + 1

| 2 —1

2. (15 points.) Evaluate the following integrals.
a) /zz\/x - ldz
(b) /z2 tan~! z dy

¢ 25dx
© | mos

3. (15 points.) Determine whether each of the following series converges or diverges.
Justify your answers.

> 1
2) ; vnd —1
CPIEE

M8

l2~|—sm

3
1

(2
4. (10 points.) Find the interval of convergence of the power series Z %1)—

n=1

5. (15 points.)

(a) Find the absolute maximum and minimum values of the function g(z) = 121 ]
on (—oo,0c). (Suggestion: It may help to break the domain into pieces.)

(b) State the Mean Value Theorem.

(¢) Prove that |In(b® + 1) — In(a® + 1)| < b — a for any real numbers a < b.

6. (15 points.) Let f(z,y) = 2z + 5y Find the maximum and minimum values of
f(z,y) on the curve z2 + 5y* = 9.



7

10.

11.

12.

13.

(10 points.) Find the mass of a ball of radius 1 centered at the origin in 3-space if
the density at the point (z,y, z) of the ball is equal to 3 — (2% + y2 + z2).

(10 points.) Let C be the triangle with vertices (0,0), (2,0), and (0,2), traversed
counterclockwise. Compute

/zcosysinydm—z2
c

sin®y dy.

(10 points.) Consider the function

3+ zy
— if 0,0
0 if (z,y) = (0,0).
(a) Compute f;(0,0) and f£,(0,0).
(b) Prove that f is not continuous at (0, 0).
(10 points.) Let A be an n x n matrix with real entries such that 42 = 0.
(a) Prove that the column space of A is contained in the nullspace of A. (Recall that
the nullspace, or kernel, is the set of vectors v € R" satisfying Av = 0.)

(b) Prove that rank(A4) < nullity(A4). (Recall that the rank is the dimension of the
column space and the nullity is the dimension of the nullspace.)

(c) Prove that nullity(4) > in.

(5 points.) Let V and W be vector spaces, let v;...,v, € V, and let f:V — W be
a linear map that is onto. Assume that vy,...,v, span V. Prove that flvi),..., flvn)
span W.
(10 points.) Let M be the matrix
1 0 =2
M = 0 0 0
-2 0 4
(a) Find a basis for R? consisting of eigenvectors, or else prove that there is 1o such
basis.
(b) Is M diagonalizable? Why or why not?

(10 points.) Let M,x, be the vector space of 2 x 2 matrices with real entries. It is a
fact that dim Mj ., = 4, and that {e;, e, €3, 4} is a basis for My.o, where

{1 0 {01 _ {0 0 {0 0
“Tloo) 2T o0/ 1 o) T o 1)
Consider the function 7 : Mo — My given by T'(A) = A (—31 i)

(a) Prove that T is linear.
(b) Find the matrix for T' with respect to the basis {e1,ea,e3,€4}.

2
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Instructions: Do all four of the following probleins. Write vour solutions and all scratehwork
in your bluebook(s). Show all your work, and justify your answers.

1. (25 points). Let G be a group, and let H C G be a subgroup. Suppose that for every
Iy € G satisfving vy € H. we have yr € H. Prove that H is a normal subgroup of
G.

2. (25 points). Recall that S- denotes the group of permutations of the set {1.2.. ... T}
Define the permutations o, 7 € S, by

0= (1,2)(4,6.7.5) and 7=(1.3,5)(2,7.4.6).

(a) (10 points). Write o7 as a product of disjoint cycles.
(b) (10 points). Find the order of each of o, 7,and oT.

(¢c) (5 points). Determine whether each of o, 7, and o7 is even or odd.
3. (25 points). Let R be a ring.

(a) (10 points). Define what it means for a subset / C R to be an ideal of R.

If you use other terms like “closed” or “coset” or “subgroup” or “subring” or
“maximal” in your definition, you must define those terms as well.

(b) (15 points). Let I C R be an ideal of R, and suppose that 2y — yz € I for every
r,y € R. Prove that the quotient ring R/I is commutative.

4. (25 points). Let F, = {0, 1} denote the field of two elements, and let F; = {0, 1,2, 3, 4}
denote the field of five elements.

(a) (15 points). Prove that F(X) = X*+ X% 41 is reducible in the polynomial
ring >, [X].

(b) (10 points). Prove that 9(N) = X° + 2X2 L 2X + 3 is irreducible i the
polynomial ring Fs [.Y].



AMHERST COLLEGE
Department of Mathematics
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Work the following five problems. Record your answers in the blue book provided.
The number of points each problem is worth is indicated in parentheses.
PLEASE SHOW ALL OF YOUR WORK.

1. (10 points) State the Completeness Axiom (also known as the Axiom of Continuity for the Real
Numbers or Axiom C).

2. (20 points) Consider the sequence {a,} defined recursively as follows:

4
a; =2 and app 1 =5—— for n> 1.
ap

(a) Prove that for n > 1, anq1 2 a,.
(b) Prove that the sequence {a,} is bounded above.

(c) Prove that the sequence {a,} converges and find lim a,,.
N—00

3. (a) (10 points) State Taylor’s Theorem, including the definition of a Taylor polynomial and an ex-
pression for the remainder.

{b) {14 points) Find a polynomial P such that lP(:c) - %l < 1078 for all z in (100,102).

4. (20 points) Let {f»} be a sequence of continuous functions which converges uniformly to a function

f on an interval [a,b]. Use the definitions of continuity and uniform convergence to prove that f is
continuous.

5. (a) (10 points) State the Bolzano-Weierstrass Theorem.

(b) (16 points) Prove that every bounded sequence has a monotone subsequence.
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There are 13 problems on this examination. Record your answers in the blue book provided.
SHOW ALL WORK.

1. Evaluate the following limits:

r—4

(b) 1 Jo V2 + cos? t dt
m .
T

z—0

2. Evaluate the following integrals:

“Inz
(a.)/l = dz.

1.3
() / et

3. Determine whether the following series converge or diverge. Justify your answers.

4. Determine the values of z for which the following series converges absolutely, converges
conditionally, and diverges. Justify your answer.

= (22 - 1)
T

n=0

State the Intermediate Value Theorem.,

o
Q’)‘
N~

(b) State the Mean Value Theorem.

(c) Use the Intermediate Value Theorem and the Mean Value Theorem to prove that
the equation e* = —r has exactly one solution.

6. (a) Find the Maclaurin series for the function f(z) = sin(z?). Express your answer
in E-notation.
(b) Use part (a) to express j; sin(z?) dz as an infinite series. Write the series in
E-notation, and also write out the first three nonzero terms.

(c) Use part (b) to approximate fol sin(x?) dz, with an error less than 0.001.



~l

10.

11.

12.

13.

Let C' be the triangle with vertices (0,0), (2, 0), and (2,1), oriented counterclockwise.
Find [.(In(z? + 1) + 42%y) da + (% + y)2 dy.
Find the maximum value of the function flz,y) = 2% + 2y subject to the constraint

t+yf =5

Consider the integral
/ / " Y dyda.
o x

(a) Reexpress the integral in polar coordinates.

(b) What is the value of the integral?

Let f(z,y) = tan™!(zy).

(a) Find a unit vector @ pointing in the direction in which f(z,y) increases most
rapidly at the point (2, —1).

(b) With 7 as in part (a), find the directional derivative of f(x,y) at the point (2, -1)
in the direction %.

Let

A

It
[l el o)
T Y

o

(a) Find all eigenvalues of A.
(b) Find an invertible matrix P such that P~'AP is a diagonal matrix, or show that
there is no such matrix P.
Suppose that V' is a vector space, T : V — V is a linear transformation, and range(7)N
nullspace(7T") = {0}.

(a) Prove that nullspace(T?) = nullspace(T).
(b) Prove that if V is finite dimensional then range(T?) = range(T).

Suppose that T : V — W is a linear transformation and v, v, ..., Uy € V0 Prove that
if Span({vy,va,...,v,}) = V and T is onto then Span({T'(v1),T'(va), ..., T(v,)}) = W.



Amlierst College
Department of Mathematics and Computer Science

Comprehensive Examination: Mathematics 26
Friday, March 28, 2008

Instructions: Do all four of the following problems. Write your solutions and all seratchwork
in vour bluebook(s). Show all your work, and justify your answers.

1. Let G be a group, let H C G be a subgroup. and let N C G be a normal subgroup.

Define
NH={nh:ne N he H}.

Prove that N H is a subgroup of G.

2. Recall that Sy denotes the group of permutations on 8 symbols.

Let 0 = (1,3,2)(4,7)(5,6) € Sg and 7 = (1,4)(3,7.8,2.5) € Ss.

(a) Write o7 as a product of disjoint cycles.
(b) Find the orders of o, 7, and o7.

(¢) Determine whether each of o, 7, and o7 is even or odd.

3. Let R be a ring.

(a) Define what it means for a subset I C R to be an ideal of R.

(b) Let R be a commutative ring with unity, and let I C R be a proper ideal. Prove
that I is a prime ideal if and only if R/I is an integral domain.
[Recall that a proper ideal I C R is said to be a prime ideal if for any z.y € R
for which xzy € I, either x € [ or y € I. Recall also that an integral domain is
a commutative ring S with unity with no zero divisors, i.e., no nonzero a,b € S

for which ab = 0.]

4. Let F5 = {0,1,2,3,4} denote the field of five elements, and let F; = {0,1,2,3,4,5,6}
denote the field of seven elements. Write

f(z) = 2% + 3 € Fs[a] and  g(r) = a* + 3 € Ffz].

(They might appear to be the same polynomial, but they lie in different polynomial

rings.)

(a) Prove that f is irreducible in Fs[z].

(b) Prove that g is reducible in Fr[z].

(¢) Let (g) € F;[x] denote the principal ideal {4h : h € F;[z]}. Find an ideal
I C F7[z] such that (¢) € I C F;[x].
(Hint: use part b.)
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Work the following four problems. Record your answers in the blue book provided.

PLEASE SHOW ALL OF YOUR WORK.

1. Complete the following statement in a non-trivial manner: A bounded sequence of real

mumbers. . .

2. Prove that > i = ﬁ(—ri;—l) using induction.

3. (a) Define the notion of uniform convergence on a set A of a sequence { f,,}52, of real
valued functions of a real variable.
(b) Let[ fnﬁsz) = yranz. Prove that {f,}52, converges pointwise but not uniformly
on |0,1].

4. Suppose that E is a bounded subset of R and f: F — R is uniformly continuous on
E. Prove that f is bounded on E.
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There are 12 problems on this examination. Record your answers in the blue book provided. SHOW ALL

WORK.

1. Evaluate the following limits.

. . tanz — sinzx
(a) lim ————g—
T

I —

(b) lim (1 + taur)r-:‘r7

e
2. Decide whether the following series converge absolutely, converge conditionally, or diverge. Give reasons.

(=1

(@) Zl n? 41

=

h) 1+ 3sinn
= LD

- 1
(c) Z In (l + ;)

=1

3. Evaluate the following integrals.

~in 6 et
a ——
() /0 V3t et

() /51115 zeost x dx

(c) / e dy + r?ysiny dy where C is the boundary (oriented counterclockwise) of the rectangle
c
with vertices (0,0}, (1,0), {1,7) and (0, 7).

o0
, . ) . 2n
4. Find the radius of convergence of the power series g E ,))2 "
n!
n =0

5. Find the first 3 terms of the Taylor series of f(z) = zlnx about x = e.
6. Let flx,y) = { 2 y? (x,v) # (0’O>
0 (z,y) = (0,0)
{a) Compute f,(0,0) and f,(0,0).

(b} Let i = (a,b) be a unit vector (i.e. fu] = a?+b? =1). Compute Dy f(0,0) using the definition
of directional derivative.

(c) If f is differentiable at (0,0), then Dyf(0,0) = u- V (0,0} for all unit vectors . Use this plus
parts (a) and (h) to show that f is not differentiable at (0,0).



7. Let Pz, y z) = ay*s?
(a) Find the equation of the tangent plane to the level surface F'(r.y, =) = 1 at the poimt (1,1, 1)

(b} Compute VF(1,1,1) x ¢, where 77 = (2, -1, 3)

8. Consider f(r,y) = 227 + 3y* on the closed disk 24yt <l

(a) Find the critical points of f in the interior of the disk and classify them wsing the Ind derivative

test,

. v . . 3 B 2 2 R
(b) Find the minimum and maximun values of f(r,y) on the circle 2%+ y? = [ using the method of
Lagrange multipliers.

(c) What are the minimuwmn and maximum values of f on 2° + y? <17

JU—

9. Consider the region in 3-dimensional space that is bounded below by the cone z = Va?+y? and
bounded above by the paraboloid of revolution z = 2 — 2 — 7

(a) Show that the surfaces z = /a? +y° and z =2 ~ 2% — y* intersect where = = 1 and 27 4+ y? = L.
You may wish to illustrate your answer with a drawing.

(¢) Compute the volume of the region.

1 01
10. Consider the matrix A= 1 1 0
01 0
(a) Compute the inverse of 4.
(b) Compute the chiaracteristic polynomial of A.

11. Let Aly.s be the vector space of 2 x 3 matrices with real entries, and let
1 1 g 0 0
Foe P —
W_{Béz\lgxgv(l 1>B (O 0 O)}

{a} Prove that W is a subspace of My.s.

(b} Find a basis of W

12. Let Vy and Vi, be subspaces of a vector space V and assuine that VinV, = {0}, Let 1y € V) and 2 € V2
and assume 1y # 0, vy # 0. Prove that {vy, va} is linearly independent.



Amberst College
Department of Mathematics and Computer Seience

Comprehensive Examination: Mathematics 26
Friday. March 30, 2007

Instructions: Do all four of the following problems. Write your solutions and all seratchwork
i vour bluebook(s). Show all your work, and Jjustify your answers.

I. Let & and G’ be groups, let H C G be a subgroup. and let ¢ : G — ’ be a honowmor-
phismi.
Let o(H) denote the set {o(h) 1 h € G}, often called the image of H under o,

a) Prove that ¢(H) is a subgroup of (.
grouy
(b) Prove that if ¢ is onto and if H is a normal subgroup of G then ¢(H) is a normal
subgroup of .

2. Let p.g > 2 be prime numbers, and let (G be a group of order |G| = pg. Let H C G be
a proper subgroup (i.e., H is a subgroup but is uot the full group ().

Prove that H is cyclic.
3. Let R be a ring.

(a) Define what it means for a subset [ C R to be an ideal of R.
(b) If I,J C R are ideals, prove that I + .J is au ideal of R, where

I+J={r+y:velandyc ]}

4. Let d.n > 2 be integers. Let R be a commutative ring with exactly n elements. Let
S = R[r] be the ring of polynomials with coefficients in R.

Let I'= (2" = {a®- f(x): f € S} be the principal ideal generated by 27 € S,
(a) Prove that
S/ =Aay+ar+- a0 T Ay, ... 04_) € R},

(b) Prove that the quotient ring S/1 contains exactly n? elements,
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Work the following four problems. Record your answers in the blue book provided.
PLEASE SHOW ALL OF YOUR WORK.

. Complete the statement in a non-trivial manner: A continuous real-valued function on
a compact set will ...

2. Show that the set {1/n : n € N} is not compact by showing that there is an open cover

with no finite subcover.

3. Let f: N — N be defined by f(1) =5, f(2) = 13 and for n > 2, f(n) =2f(n - 2) +
f(n—1). Prove that f(n) = 3(2") + (=1)" for all n € N.
(a) Let A be a subset of R and M > 0 such that 2 < M for all 2 € A. Show that
sup A < M. (For a nonempty set A, sup 4 = least upper bound of A.)

(b) Suppose the sequence {f,} of real-valued functions on the set I converges point-
wise to f on E. For each n € N set

M, = sup |fulz) = f(z)].

and assume M, < oo for all n € N. Show that if {f,} couverges uniformly on £.

then lim,,_,o, M, = 0.
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There are 12 problemns on this examination. Record your answers in the blue book provided. SHOW ALL
WORK.

1. Find each of the following limits.

72
) kL S
(2) £ In{l +x) —x

(b} lim (1 + sinz)oot2s)
=0

2. Evaluate each of the following integrals.
i 1
(a) / P da

n/3
{(b) / rsinz dr
v

(c) / (tan" 'z = y) dr + (z + 9y dy, where C is the circle (z — 1)? + (y + 1)? = 3 oriented counter-
-

clockwise.
1 px V3 2—z22
3. The sum of integrals / / V%4 y? dydr +/ / V2 4+ 42 dydr can be expressed as
o Jo 1 Jo
// V2 +y? dody for a certain region R in the plane.
R
(a) Draw a picture of R

(b) Evaluate // Vz? + y? drdy
R

4. Determine in each case whether the given series converges absolutely, converges conditionally, or diverges.
Justify your answers.

o
. . Ar+2)" :
5. Find all values of x for which E L___/___)__ converges. Justify your answer.
vn

n=1l



6. (a) State the Mean Value Theorem.

oG

10.

11.

. Define

. Locate the ecritical points of f(x,y) =

]

(b) Use (a) to show that & < tan™!11 — tan! & < L

322 4 4y?

f(f,y) — W if (l‘,'y) # (O, O)
0

if (z,y) = (0,0)

(a) Is f continuous at (0, 0)? Justify your answer.

7 ,
(b} Compute 2L at (1,1) and (0,0).
y

= (z +y)* + 6(2® + y?) and determine the type (local maximum,

local minimum, saddle point) of each critical point.

. Let Flz,y,2) =22 +4° + 2°

(a} Compute the gradient vector VF.

(b} Compute // [IVF||dV, where R is the region {(z.y,2) € R* : 2% + y? + 2% < 1} and ||v]]

R
denotes the length of the vector v.

Find a basis of R? consisting of eigenvectors of the linear transformation 7' : R? — R? whaose matrix

relative to the standard basis of R? is M = (; I)

Let U and V be subspaces of a vector space W,
{a) Prove that U NV is a subspace of W.
(b) Prove that U +V = {u+v:ue€ Uv e V} is a subspace of W.

(c) Given an example to show that I/ UV need not be a subspace of W,

. Let T: R — R? be a linear map.

(a) Could T be one-to-one? Explain your reasoning.

(b) Could it happen that the nullspace (also called the kernel) of 7" had dimension 2 and the range

(also called the image) of T had dimension 37 Explain your reasoning.
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Instructions: Do all four of the following problems.  Write vour solutions and all scratehwork in vour

blucbook(s). Show all your work, and justify your answers.
1. Let & be group aud let g be an element of . The centralizer Z(y) of ¢ is defined to be the set
{re G ry=yr}
(a) Show that Z{g) is a subgroup of G.
(b} Suppose that Z{y) is normal in G. Show that if « € G, then aga ™y = guga ™",

(¢} Suppose that Z(y) has finite order. Show that o{y) divides o{Z(y)). (Here, o(y) denotes the order
of g and o(Z(y)) denotes the number of elements in the set Z(g).)

2. Let H be a subgroup of a group G. Show that if the index of H in G is 2, then 2 € H for cach » in G.
groug : I

3. Let R be a ring and let T be a subset of R.
(a) Define what it means for I to be an ideal of R.
(b) Suppose that [ is an ideal in R, and let ry,ra, 8 and sy be in . Show that if 11 — rs and s; — 82
are both in [, then rys; —rasg is also in 1.
4. Let R be a ring.
{a) Define what it means for R to be a field.

(b} Suppose that R is a field and R’ is a ring. Show that if ¢ is a nontrivial homomorphism from R to
R then ¢ is one-to-one. (The trivial homomorphism maps all elements of K to the zero element

of R')



]
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Work the following four problems. Record your answers in the blue book provided.

PLEASE SHOW ALL OF YOUR WORK.

. State the Completeness Axiom (also known as the Axiom of Continuity for the Real

Numbers or Axiom C).

. Consider the sequence {a,} defined recursively as follows:

12
a; =3 and apy=8—-— for n>1

n

(a) Prove that for n > 1, any1 > an.
(b) Prove that the sequence {a,} is bounded above.
(c) Prove that the sequence {a,} converges and find lim, .. a,.
. Suppose f is a real-valued function defined on the entire real line. Use the Mean Value
Theoren to prove that if f/(z) exists and is bounded on all of R, then f is uniformly
continuous on R.
(a) Let {f.} be a sequence of bounded functions on [a,b]. Prove that if { f, } converges
uniformly to f ou [a,b], then f is bounded.
(b) Give an example to show that this statement is false if uniform convergence is
replaced by pointwise convergence.
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1. Evaluate the following limits.

@ Jip (s v

(b) lim zln( +i)

(- 1)"

© hm 35

k=1

2. Evaluate the following integrals.

(a) /:7:1:3.n‘1 zdz

e 1

(b>/4 g P T R
3

(c)/ VI~ 2 dz
0

(d) [ y(32% -~ 2)dz + (z> + e¥) dy, where C is the boundary of the curve z? + 3? + z = 1 oriented

c
counterclockwise.

3. The curve y = z? from z = 0 to = = 1 is revolved about the y-axis. Find the surface area of the resulting

figure.

4. In each case determine whether the given series converges absolutely, converges conditionally, or diverges.

= (-1
(a) Z}l ﬁ__rz'_

CPIE
el )n+1

© Z In(n?)

5. Let f(zr,y) = 22 + 2y? — z%y. Find all critical points of f and determine in each case whether the point
gives a relative maximum, a relative minimum, or is a saddle point.

6. (a) Use the method of Lagrange multipliers to find the minimum value of %+ y? + 22 + 2z + 1 subject
to the constraint = + 2y + 3z = 11.

(b) Using (a) or otherwise, find the minimum distance between the point (0,0, —1) and the plane
z+2y+32=11



7. Let II be the plane tangent to the ellipsoid * + 2y* + 32% = 6 at the point (1,1,1).

8. Let f(z,y) = { z2}y?

10.

11.

12.

13.

(a) Find an equation for IL.
(b) Find the acute angle between IT and the zy-plane.
(¢} The part of IT in the first octant is a triangular region. Find its area.
CEHA i (2.9) # (0,0)
0 if {x,y) = (0,0)
(a) Prove or disprove: f is continuous at (0,0).
(b) Does f;(0,0) exist? If so, what is it? Answer the same question for f,(0,0).

(c) Prove or disprove: f is differentiable at (0, 0).

. Let R be the solid bounded below by the cone z = /22 4+ 42 and above by the sphere 22 4 y° + 2% = 8.

Suppose that R has density &6(z,y,z) = 2. Set up three triple integrals giving the mass of R, one in
Cartesian, one is cylindrical and one in spherical coordinates. Then evaluate one of your three integrals.

Let W = {(z,y,2) € R*: z+2y+ 32 =0}.
(a) Prove that W is a subspace of the vector space R3.

(b) Exhibit a basis of W.

Let V' and W be vector spaces over R and let T' be a linear transformation from V to W. Suppose that
{v1,...,vn} is a basis for V over R. Show that if T is one-one, then {T(v1),...,T(v,)} is linearly

independent in W.

Let T be a linear transformation from R? to R%. Suppose that 7(1,2) = (3,4) and T(2,3) = (1, 1).
(2) Find T'(z,y) for any (z,y) in R2.

(b) Show that T is invertible and find T~ 1(z, y) for any (z,y) in R%.

Consider the linear transformation T : R? — R3 defined by T'(z,y, 2) = (22 + y — 4z, 4y — 5z, —2).

(a) Prove or disprove: T is invertible.

(b) Find a basis of R® consisting of eigenvectors of 7.
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Work the following three problems. Record your answers in the blue book provided.
PLEASE SHOW ALL YOUR WORK.

1. (a) State the Completeness Axiom for the Real Numbers (also known as Axiom C or the Axiom of
Continuity).

(b) State the Bolzano-Weierstrass Theorem.

2. For n > 1, define the function g, on [0, 1 by

n2z O§x§2—1~

n

gnlz)=qn-n?z £<z<i
1

0 ;SISl

(a) Draw the graph of g, forn=1,2,3.

{b) Compute hngo gn(z) for all z € [0, 1]

1
{¢) Compute lim / gn{z)dz.
n—00 1)

(d) Show that {g,}:>.; does not converge uniformly on [0, 1]. Justify your answer using either definitions

n=1

or standard theorems.

3. Let {a,}2., and {6,}52, be sequences of real numbers and suppose that lim a, = Aand lim b, = B.
=00 n—+00
Prove that lim (a, +b,) = A+ B.
N OO



