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There are 13 problems (totaling 150 points) on this portion of the examination. Record your
answers in the blue book provided. Show all of your work.

1. (15 points) Evaluate the following limits:
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2. (15 points) Evaluate the following integrals:
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3. (15 points) Determine whether the following series converge or diverge. Justify your

answers.
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4. (10 points) Find all values of x for which the following series converges. Justify your
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5. (10 points) Find the value of the following infinite series:
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(15 points) Evaluate the following integrals:
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(b) Jocos(z?)dz + (3ry? + %)dy, where C is the circle 22 + y? = 4, oriented counter-
clockwise.

(10 points) Find the volume of the region that is inside the sphere z2 + y? + 22 = 4

and above the cone » = /312 + 3y2.

(10 points) Consider the function

fleg) = | FRE @) £0,0)
o 0 if (2,y) = (0,0).
(a) Find f,(0.0) and £,(0,0).
(b) Is f differentiable at (0,0)? Justify your answer.

(10 points) Find the point on the plane 2z — y + 2z = 16 that is nearest the origin.

(10 points)

(a) State the Mean Value Theorem.

(b) Use the Mean Value Theorem to prove that if f/(z) = 0 at each z € [1, 3], then
f(x) = C for all x € [1,3], where C' is a constant.

(10 points) Let A be a square matrix and let « be a scalar that is NOT an eigenvalue of
A. Suppose that u is an eigenvalue for the matrix B = (A —aI)™! with corresponding
eigenvector v. Prove that v is also an eigenvector for A and find a formula for the
corresponding eigenvalue of A in terms of 4 and «.

(10 points) Let T': V' — V be a linear transformation on a finite dimensional vector
space V. Suppose T' is one-to-one (injective). Prove that if {v;, ..., v,} is a basis for V,

then {T'(v,),...,T(v,)} is also a basis for V.

(10 points) Let T': Py — R3, where Py = {a 4+ bt + c¢t? 1 a,b,c € R}, be defined by

p(1)
T(p)= |p(1)
p'(1)
Here p'(t) is the derivative of the polynomial p(t). Determine the null space (kernel)

and range of T,

b
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Do all four of the following problems. Write your solutions and all scratchwork in the blue
book(s) provided. Show all of your work, and justify your answers.

1. (10 points) Let G and G’ be groups, and let ¢ : G — & and ¥ : G — G be
homomniorphisms. Define

H={g9eG|lelg) =49}
Prove that H is a subgroup of G.

2. (10 points) Let G be an abelian group. Let 7" be the set of elements of ¢ that have
finite order.

(a) Show that T is a subgroup of G.
(b) Show that in G/T, the only element of finite order is the identity.

3. (10 points) Let o be the permutation (42 1)(6 13 2) in Sg.

(a) Write o as a product of disjoint cycles in Sg.
(b) What is the order of 7

(¢) Is 0 an even or an odd permutation?

4. (10 points) Let R be a commutative ring and S C R a subset of R. Define the
annihilator of S in R to be

Ann(S) = {r € R|rs =0 for every s € S}.

(a) Show that Ann(S) is an ideal of R.
(b) If S and T are both subsets of R, show that

Ann(S) N Ann(T) = Ann(SUT).
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Do all four of the following problems. Write your solutions and all scratchwork in the blue
book(s) provided. Show all of your work, and justify your answers.

1. (10 points)

(a) State the Axiom of Completeness (also known as the Completeness Axiom or the
Axiom of Continuity for the Real Numbers or Axiom C).

(b) State the Heine-Borel Theorem.

2. (10 points) Use induction to prove that

i:k;z:k—l 1= (n+1)z" +na"t!
— (1 —ux)?

for all positive integers n.

3. (10 points)

(a) State the definition of Cauchy sequence in R.

(b) Use the definition of Cauchy sequence to prove that every Cauchy sequence in R
is bounded.

4. (10 points) Let f,(z) = T forz > 0.

a State the fllIlCtiOIl to Whl(‘h the sequence nf converges pointwise.
n=1
b pI‘OVG that n 20 converges lll'lifOI'Hlly on ]., o0 ).
n=1

(¢) Explain why {f,}>°, does NOT converge uniformly on [0, 00).



