Additional Problems

Ex. 7. Let P,(R) be the vector space of polynomials with real coefficients of degree at most n. Define

T: Py(R) — P3(R) by T(f) = [y f(t) dt.

(a) Compute the matrix of T with respect to the standard bases {1,z,22} of Py(R) and {1,z,2% 2%} of
P3(R).

(b) Is T one-to one? Is T onto?

(¢) Find bases for ker(7T') and Im(T).
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Ex. 8. Let Msyo(R) be the vector space of 2 x 2 matrices with real coefficients and let

1 0 0 1 0 0 0 0 . .
a:{(o 0),(0 0),<1 0),(0 1>}be its standard basis.

(a) Let T : Mayo(R) - R by T(A) = a+ b+ c+d where A = (i Z) Compute the matrix of 7' with

respect to the bases a for May2(R) and 8 = {1} for R.
(b) Find a basis for ker(T).
(¢) Is T one-to one? Is T onto?
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Ex. 9. Let 7': R® — R? be the linear transformation with matrix representation [T]34 = |3
|4
5

ot

with respect to the standard bases on R® and R*. Find a basis for Ker(7') and Im(T).
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Ex. 10. Consider the linear transformation 7 : R® — R? defined by T'(z,y, z) = (2v +y — 42,4y — 5z, —2).
Determine whether or not 7 is invertible, and if so, find a formula for T-!(z,y, 2).
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Ex. 11. Let A and B be invertible n x n matrices. Show that AB is invertible and (AB)~! = B~1A~L
(Note: This is a common result that you could usually use without proof.)
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Ex. 12. Let a = {¥}, 0,73} and 8 = {wW;, Wa, w3} be bases for a vector space V. Suppose that
771 = U71 — 21172 — 21173
Uy = —Wy — W3
U3 = 2y — W3.

Compute the change of basis matrix from S to a.
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Compute the change of basis matrix from f to a.
13. Let P, be the vector space of polynomials with real coefficients of degree at most 2, and let

Ex.
a = {l,r+ 1,22 + 2 + 1}. It is a fact, which you may assume, that « is a basis for V. Suppose that
1 2 3
T :V — Vis a linear transformation and the matrix of T relative to o is [T]¢ = |3 0 —1|. Find
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L\OL™ T+ &+ 4).

Ex. 14. Let P> = {a+ bt + ct? : a,b,c € R} and T : P, — R? be defined by T(p) = B(l } . You may

assume that 7' is linear. &

A\ — =
(a) Find the matrix representation of T with respect to the bases {1,t,¢2} and { Lﬂ , { 11} } ‘F

(b) Find the rank and nullity of 7.
(¢) Find bases of the kernel and image of T
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