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COMPREHENSIVE EXAMINATION
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PrRACTICE EXAM 1

NUMBER: So\“‘\"\ol\ S

Read This First:

e This is a closed-book examination. No books, notes, cell phones, electronic devices of
any sort, or other aids are permitted. Cell phones are to be silenced and out of sight.

e Write your number (not your name) in the above space.

e For any given problem, you may use the back of the previous page for scratch work.
Put your final answers in the spaces provided.

e Additional sheets of paper will be available if you need them. If you use an additional
sheet, label it carefully and be sure to include your number.

e In order to receive full credit on a problem, solution methods must be complete, logical
and understandable. Show all your work, and justify your answers.

e The Algebra Exam consists of Questions 1-4 that total to 100 points.
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Algebra

Practice Exam 1

1. Let G and G, be groups and ¢ : Gi — G be a homomorphism. Suppose that N, is a
subgroup of G, and define the set

le — {(l € Gl . ¢(0) € Nz}
(a) Prove that N, is a subgroup of Gj.

[Note: this is a standard theorem in Math 350. Since you are being asked to prove
that theorem here, you may not quote that theorem.]

vLev o) be the idenh®y in Gy and €y e Yhe ddentidy in G
Then T} = €q s Y 15 a \N,Mm.,rhs‘m'&;.\a Na is o sobgrey ot
2, L €Nyl 50 R €N,
vlet b €Ny So Yhat tl), t(b) €Ny, Then Tlab) = ) T(b) € Na
stae Ni bs vsed. Thwa, ab €Ny and so N, s also clased |
' Flrally, ¥ o €N, ten @) ENg and S0 1) eNy sl\«a Noy Vo & ven
50\'%r0'\°c Stee 5 a \I\dmaﬂ\-al’r»\l‘m, P = L)~ € Np, Thes & 3
Thertbort Ny 15 & slogroy oF 0.

(b) Prove that if Nj is a normal subgroup of G5 then IV, is a normal subgroup of G.

Se oR That Nz is a normal Sobapov ot G2, 8 art o, wt kaow

vl ypevy Y P |

Yok Ny s & sgrovp 0T By Let a6 6y We wil s hat  ¥nEN,
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= %)t T
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\
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Algebra Practice Exam 1

2. Let G be a finite group. Suppose that z and y are distinct elements of order two in G
such that xy = yx. Prove that the order of GG is divisible by 4.

Let 6 bt a faik grovp and X,y 66 sudh that X*y , * and 4

both has o L) and Ry yX. Condder dhe st H=Ex,y,x9.€8.
W clalm  that Wig 4 sbgrovy of G oand R oovder ob H is Y.
T, see YRR b« .Sﬂ\uarovf, Rt woX Yrat € €H 5o clearly ‘H % (t"
Noxd we will show that W ois cloged by comguting the b f’“‘w’“ produckS

ok I “\ dements ot H Indeed | we  avt .
- o = X)(:‘S* ::3(_;3
X% = *=¢ sie o(X1=2 & AyF =3

1. %y €H by debation 0, Xy = Xy~ = Xe=R
1 xg-€ = %Y - oq e
B ICT R ) BV SV T
o X _b)\ RATENTY n..()kg)i*‘l\‘x‘l\w fakt
fxe =X L mex=e
S. ‘S‘X = X‘:) \73 M‘S“‘ Lo 19, Q":\ﬁ
by =yt 2@ shr 0GIEL g ey =y

Togexy = YR T yErE ex =K b, eo =¢ oW

A \ - Pxyepze XTEREN,
Flaally, we shon Fhat R iy fosed  veder javeyseS . Sie@ YT F AR X =L,
9‘((1;\\m\3, ve haw 31‘2 and (st\z‘?. (fom 12 above) €0 3" 136\4 and\
() = xg ER . Thes, His o shgeypof G
I+ remalas Yo sy Yhat R ontaing eractly Tour Astind Qtments, W alveady
Lrow Yot X Fy pnd Sla@ R and Yy hawe order 2, nerther i equal Yo
Fr Vdenhhy, Then sk AFE , Ry F 4 and s}M\\arij X4 FNK. Flaally, sine
A=) we hant 7&"#3 and  $0 Xy T &, Thuy, 1"l =Y,
St ¥ order of q .s.»\-yoa‘, mush Avide e order o f e groop
e onler of E ot be Avwible Yoy 4,
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Algebra Practice Exam 1

3. Suppose that ¢ is a permutation in the alternating group A,y given by

I 2
47

where the images of 8 and 9 have been lost.

34 5 67 8 9 10

2 6 10 1 5 3
(a) Determine the images of 8 and 9 under . Don’t forget to justify your answer.

Flest wee 07 (‘,L‘ ) (14—);5; |D|5) T whve T 18 e oaltnown

or fno\va’ £ C‘c\zs ! ‘ k

C‘\(’\LA(“N""\‘I\{AB 8 awd c\, No¥e Yhaat Sia all othev nombe s ave a\md\i

we

b Atlrmined  as dh §mm5Q, of  \=7,ana \()J TN may  assome $wat

T Vs Ay joiat Fron e odter Ywo cydes Ia 0. The on'y Po_gi\.{\{-\—ﬂ;

are hc = (% ,‘1} Ov T = (%\(‘\\ , \'\ '}N 'F‘\fs* Cﬂ-‘t) ,C \\ﬂ) \L\\%*h ?_. ahd

hen®@ 13y an odd 'vauhﬁon. In Ha second (MQ,T 15 Yhe Mud'\%' on ¥

and 4 and so s even. Now (1,4,6) has \ev\a’r\n 3,50 1% 18 an even

C\ic\L and ('Ll—'. S, \0,53 Ras \uuo\'h S ;99 s alse even, TN“, the

produdt  (140)(27, S, 10,3) 15 evtn ag well. 1& T were odd i+ would

Tren  Aolow Yt o woMd be pdd, Howesew, g € A must be even,
T\wsl /\1:(8\ (q\ Vs ¥ 0(\\) Qossi\vi\fﬂ. So, 5‘(%\=$§ and 0‘((\\;(\

- (b) Compute the order of o.

WU debtvmined  abovt dhat can be wrdkn b a pndect ot
dvio Aljoint eyl ob Mna¥hs B und 5, So; Y adder ot O

by AL (3,6) =15,
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Algebra Practice Exam 1

4. Let R be a ring.
(a) Define what it means for a subset I C R to be an ideal of R.

If you use any other technical terms like “closed,” “subring,” “group,” “subgroup,”
etc., you must fully define those terms as well.

LER s an idkal of R it and 6nly F
LT xb
1~\L7‘1‘36I; ATY 61)
and 3, ¥y €T and reR' Y amd XY ave o 1.

(b) Let R = R[z] be the ring of polynomials with coefficients in the field R of real
numbers. Let I C R be the subset

I={f eRld: /(1) = £(2) = 0}.
Prove that 7 is an ideal of R.
I Rt nok thal e 344 Po\‘\“om\a\ OM= 0 Yy elR  sadiiles 0N =0(1)=0

and S0 Q(x) €L,
2. Nexd led £ q €T so yhat L9 e RIKY and A0 =42 2 400) =q()=0 .

m@ —) (N = £ 4 =0 ol ($-4) () = £(D -9 =0

30 Q’s €L, S‘AQ

3, Bleally, Yt $ET and ¢ €RWY, Then froand r¥ EIRKY qud
th YNAW\' s Ywo @'\‘\f‘"’““\‘ Yooa \oo\jl\omm\ And ]

(B = FOE = rD) 0 =0, M= £ =01 =0,

So) \(‘4- (X\'\A '(:r av L .\ﬂ I\
The, T i3 an itdeal of R.

(c) Prove that R/ has zero-divisors. That is, show that there are two nonzero elements

of R/I whose product is zero in R/I. N R= IR and T V3 a3 above \o

Concider FOOE X1 and 9 (1= X2, Than @) =) o $ 4T and hne
24T Fo+TL. Sdady, atd=-l 55 3§ T and ATTXO0TT .
Boy ({.@ () = (A-D(R2) Sadisties (ﬁ—c}\(\\= 0 :@rg\ (). Mo +qe T,

ond 50 O+ T = tq 1t T = (£+1) (3-\'1\, Thes, £ and y art T ~AM 063,
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