Ambherst College

Department of Mathematics and Statistics

COMPREHENSIVE EXAMINATION
< ALGEBRA D>
PRACTICE ExaM 3

NUMBER: So\u’ri'DﬂS

Read This First:

e This is a closed-book examination. No books, notes, cell phones, electronic devices of
any sort, or other aids are permitted. Cell phones are to be silenced and out of sight.

e Write your number (not your name) in the above space.

o For any given problem, you may use the back of the previous page for scratch work.
Put your final answers in the spaces provided.

o Additional sheets of paper will be available if you need them. If you use an additional
sheet, label it carefully and be sure to include your number.

e In order to receive full credit on a problem, solution methods must be complete, logical
and understandable. Show all your work, and justify your answers.

e The Algebra Exam consists of Questions 1-4 that total to 100 points.

For Department Use Only:

GRADER #1:

GRADER #2:




Algebra Practice Exam 3

1. Let G be a group and let I(G) = {z € G:z=z"1}.
(a) Show that if G is abelian, then /(G) is a subgroup of G.

Sepgost thal G 13 abelian.
* SinR Q.=e,", e £ I (6).
s Lot y,q ¢ T(6), Then X=x" and y=947. So,

(x:ﬂhl = 3" X-|"' A% = Ay Sial G » abellan, Thw Xy € TC6Y,
voLet XET(6). The =% and (XN =X =xT, 50 xlel (s,
Thes, T () 15 a su\.-)rmr ot O

(b) Show that if G is finite and I(G) # {e}, then G must have even order.

Swppse & b Heke and T(6O) % Lol Thon | she e € T(,
Theve  mush Lusk an X Fe with X tL(6). Sinu X:.\L" , W
hovt X5 =2 and S8 % hai order 2. S W order of
an  element el awede Ak arder  of g Fiacke o) rasp

G  mest have  oven  ovdlr.

(c) Give an example of a group G for which I(G) is not a subgroup of G.

Dz = ie'F’Fz' g f%l‘fz&} 50 1(‘73) - )\Ql%! M:ﬂf’ﬂj
- offi=2 fq- 9= RET 3.
¢ o(ff5) =1
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Algebra Practice Exam 3

2. Let G be a group.
(a) Let g,h € G. Prove that for all integers k > 1,

(h~'gh)* = h™1g*h.
Cleavly (h-‘ﬁh\‘ = \\" 6‘\\ 50 (\\'b\%\ql: h-‘s\t\\ Lo W=),
Supgost That (g Wigt ko der K7V, Then
(b ah) = (W gn) (W)
= (1 g+ ) (W'an)
= h"‘alLG\h")Q\n
- »‘-1 ﬁlﬁh . »
=W Q\ﬁ\\'\ . So' \’3 \wdudhion (\\“5\\\ :»\—‘5 h V\(fl\,

(b) Let N be a normal subgroup of G and suppose that N is cyclic. Let H be a subgroup
of N. Prove that H is a normal subgroup of G.

Led N 4G bea normal su\vﬁfﬂ"f ot 6 and .‘.Jﬂto}{ that N=<n7 is
C\\(,\"L w;*\ ﬁe_m_v‘l\\'w' ne€N. Lt HEN B a va.oro:‘ ot N awnd et

hel and 66, VU will s et glhy € o concude trat N B
HEN 213 0eZ s that B

\3 a S\U/\HJu't ot o qc\ig qrose N-‘-(vﬁ, R iy also c\‘c\.'c
and Yhee U an glement of N =<7 that qenavates H.

rormal V0 (5. Sina

\ I 6 2 S« that \\=(HL):,. Hune
Thaw, St \'\, 33 Yy S *566 et ()o\ae’

6.\»\% = 3‘\ hl-o 8 = (3-‘\'\ %}K) %3 ‘mr"r o .
Now h ‘H _C..N N\A N U normu\ in& ()-' SO 6—‘“%6 N = <h7,

Ths, JLER s Haat  glng= nt. So,
-\ ' | L
g'hs = (3 ng)" = (Y =) e < =y,

Theve (’“‘([ \'\ ¥ Ar\orma\ 'SJ\"QI'W{ o€ G-
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For ‘Mﬁ l)} v \M.QO\ o ex#emo\ e rew't n forJF a O 2.

Ror k=0, we hewe (vqh¥ e =k @"k"
* For K0, Wt Mt w-\%m“{[h“‘%\\)“}}

]
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Algebra Practice Exam 3

3. Consider the group S, of permutations of the set {1,2,3,...,12}.

(a) Give an example of an even permutation o € Si2. Don't forget to justify your
answer.

LI.'» G - Cll ¢ i 3\| Si'\Q o ¥ a (.\-l c\e p" \L\'\%'\'\\ 3 ,Q‘l“(..\ﬂ

IS odd, § V5 even.

(b) Give an example of a permutation T € S, that has order 14. Don’t forget to justify
your answer.

Ly T= O 03,485,637, 8,4),
Then T s W \'roc\v‘-"' ot ‘h-‘—\"\‘(ﬂ- ey eles ot \U\QHM L and T

Thes, ¥ho ovder b T Lem (LM =14,

(c) Prove that no element of S;s has order 13.
Sugpox that & €S has order 13, Thn , sia S, 712! /
S\‘L Yooa -“n-\“ (S\roof and  we mut have \5 \ \S\a_\ j'\-’-'

\5\12‘, BA 13 U game and 12 13 s c@ﬁ) PR

not A‘\i'\S\\’\l \’-"1 ‘3, So, Aheve 1S ne SW"\ O .
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Algebra Practice Exam 3

4. Let R be a ring.

(a) Define what it means for a subset / C R to be an ideal of R.

If you use any other technical terms like “closed,” “subring,” “group,” “subgroup,”
etc., you must fully define those terms as well.

A sdostt T SR of a vig R s an tdeal if

1. Lo,
2. ¥y e T, X3y €l and
3, \V{X €T and Tre¥®, rx and wv

A}

awe a1 .

(b) Let I C R be an ideal of R, and suppose that zy — yx € I for every z,y € R. Prove
that the quotient ring R/J is commutative.

Ly 4T, ¢yt I SR/T fer %y R.
They (% +I)GrIY= X9t ava
(v TY(x+IY = gn * T
= ¥
Sina X‘a"j‘iel- we  Nave ()‘3 "370"'1 o+X.

= T\ = (W XNYGAT
Thes, Ry ¥ I=3y% TT1, and so (rt TV (yt ) J )

Tom above, So, Y\}I U commotatve .
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