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Department of Mathematics and Statistics

COMPREHENSIVE EXAMINATION
< MULTIVARIABLE CALCULUS AND LINEAR ALGEBRA D>
PrACTICE ExXAM 3

NUMBER: So\\l Yons

Read This First:

e This is a closed-book examination. No books, notes, cell phones, electronic devices of
any sort, or other aids are permitted. Cell phones are to be silenced and out of sight.

e Write your number (not your name) in the above space.

e For any given problem, you may use the back of the previous page for scratch work.
Put your final answers in the spaces provided.

o Additional sheets of paper will be available if you need them. If you use an additional
sheet, label it carefully and be sure to include your number.

e In order to receive full credit on a problem, solution methods must be complete, logical
and understandable. Show all your work, and justify your answers.

e The Multivariable Calculus and Linear Algebra Exam consists of Questions 1-8 that
total to 200 points.
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Multivariable Calculus and Linear Algebra Practice Exam 3

1. Find an equation for the plane that passes through the point (2,4,1) and contains the
line
rT=5—-3t, y=2+1t, 2=4— 6t.

a0 et 3255, 1, %Y be e dinction vecor v e i
f
Sg/ v o (Am\\e,\ o Y plane.

Stea e glan  ohimn e Lie, lefting k20 gies (S, 2,9) & andhv

‘)0\‘& a4\ ‘,\Q,\Q‘ “th\an W‘ = <5~l'1_\.\’ -.|_|7 = < 5,-2/37 1S
DN -\7 *$ ‘lJ rgvfusd(Culdr ‘h Y r(qr\Q,

also (o\ru\“l\ W f\anz, So/ D =
S 1N [ KY _ ‘3_, _3 -b *'-G“ 3
B vy W :\,\_nlb \3 3\ I3-,_
3 ) b %
3 723 :<3”\Z,-(4+\g)) -3
=<-8, 9, 37
Sol an (A(JA\'\\M\ for Y \(\aM s
Gx) Q) vala =
__3(5(“2,) -3 (3-\1) +(%_‘\ =0
ov —_ 2 - 0
WAS
‘3X~3j+2 :—@, 12 -1)
= -7
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2. A flat circular metal plate has the shape of the disk z2 + > < 4. The plate (including
the boundary) is heated so that the temperature at a point (z,y) on the plate is given
by T(z,y) = x° + 2y*> — 2y. Find the temperatures at the hottest and coldest points on

the plate and state all points where these extrema occur.
- Indevor Ty = 2x=0 =2 %x=0
3 Ty= 2= = y=h

CV\'\'R«.\ ?vft\'\- | ( O, \/2.) N} i "\'k Aiéu— and

T(o, Vo) = 2=\ =~y

Bo\,“o\or\‘ )(L-hl":

Lok 3(\\«5\41*37'- ten NF = XV =Y 2x= ALX

AnA qy’z-: N

: = =0 ¥
4=

=1 -
R s | T(XE,0NF 3 42273

2y = -
33., TC0,2) = $-9 -9
\A‘L.\.\:‘\ ‘ 1—(0'..)_] =9 +Y =1L
*=13

go, Yo hotlest f°i“+ on e fl“k s ot (o'_)_)' wheve -thcvqkwf..
15 12 and e et point b b (0%2) e e Tempersten WV
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Y2z -y) .
3 Let f(z,y) ={ Py @V
0 if (z,9) =

(a) Compute f;(0,0) and f,(0,0).

liny £ (0th,0) -£(0,0) = lin %{é:_g = 0 so £x(0,0)=0,

(0,0)
(0,0)

o h ho h
W f(0 o) —F@0) _ lim Cowy (M =0 -¥ = =
o ' W h?0 W _ T W0 s

h

So “‘3(010) =-.

(b) Is f continuous at (0,0)7 Justify your answer.

In ‘,v\o.v- (ooro\;v\a.‘-‘s / X:V“J& and W= r;l‘c\g-/ we have .
rsin20 (Looso 5@

£ Oxey) = (v s, &) =y rsinO (Lrces © = ¥rsia o) -
- 2

r

@)= B v sin20 (Lss®© ‘.S'\f\e\ =0,
r=0

N ot Wiw £ (e 6,
M0

Hene,  ion £0y) eyish and s tqul ¥
(XtS\ﬁ(olb\

WMM ey =0 =4(0,%),

N (D 6\ :"00 -rk‘u \
Mss, we  hove e '(mwcom\

So, £ 15 cortinews at  (0,0).
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b of the region inside the cylinder z2 +y* = 1, above the zy-plane z = 0,
Blane z + z = 1.

;  =\-y, x:s-rlanq_, =0

| Lingof latevgition wik\
o (hm. Ktz =\

So, N < 55("“ A
’ D
2 |

- S SG"Y‘UXSQ) rivQi®

_ frt- S‘ G_-rl(ﬂse) Av&ef

¢ =
- ¥ ,Lr‘)'-'lf‘a(ﬂse 0\6
- S P S Y=o
o
Al d
= S}G,%@SQ) o
2
2w
3 ,21:9—%.5\7\9
= T
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5. (a) Suppose that V' is a vector space. Explain what it means to say that a subset W

. of V' is a subspace.

A sher W €V oF & YVedor spae \/ S a Jv\-a\oqm_ y &

w*& QV\A VV/\"GW/ aV\A C,G'IR, CV—\-W é\,\}.

(b) Let V; and V5 be vector spaces and let T : V; — Vs be a linear transformation. For
Wy C Vo, let Wi = {veV;:T(v) € Wy}. Show that if W, is a subspace of V; then
W) is a subspace of V;.

ler Wa e o subspaa of \/q_,T!\I,—?\lz_ be liraar | and
W= EveN, T VY S T B lwer, T(0)=0,
o 0,6V d W ¥, Lt Xy eV, and CEIR, Thug

e ey €V and TOO, T) €Wa, Ste Wa b a shypaa
of Vo, T ¥ T €Wy as well And

CT(*\ -\-T(\S\ = T(O\)'\'T(%X

= T Cex _\\Q she T V1 \Watav,
Thaw T laury) €W, and  hene  cxdy € Wy

T‘f\\)sl W) 'S = 5u\o5(:¢uQ o€ \]l-
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6. (a) Explain what it means to say that a subset S of a vector space V is a basis of V.

A osher 8§ &N of 4 yeck- s et V s a basis of V

& S i \tf\uvlj %M.{u\d.m‘i' and e 5 fan of S V3
(oYua\ ‘\o N .

(b) Give a basis for the subspace of R? spanned by the vectors

by N Voo V= Vy4*

RHENEE

You should explain how you know that your answer really is a basis; namely, you
should relate your answer to the definition you gave in part (a) for full credit.

Bay :f\sta\'\’of\ W ndte Yhat V2 W4 aad VT 2V, TVy .
/ So Vo = ""l\lb -y .
\'\QMQ' both Vi, and Vo aw e

S pan ok Va and Vy.

b| '3 [ } =7
Now i* ANy T hY y =0 we have E%] [ } “:‘lo’

So, N3 awd Vy ow ,Q,\\m.w/\:) {«&L‘P-QV\_MV\,{'.

!
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7. Suppose that T : R® — R" is a linear map such that ||T(x)|| = ||x|| for all x € R™. Prove
that T is an isomorphism.

e Flost W& Shov that T et by shoning Phat Vv (TY =16,
Lt %6 WeelT), Thn THKI=D =0 Iteal = W) =0,

and T3 lagectel
Thes, RSB K 0. So, Ve (T = {034

as  Aasieed
® Sinw V_Q'((,T\: ?025/ Ha vw\\li'j ot T 45 0.
Tan glaa Y Jdimenslon of “L“ ¥ urwl ) n, we mwt
|
\\o\\& "\'\\G.'\' e vanll ot T U e.(«.‘ o N . L:) ha

b "hV\\\"\'\i “leorem , Bod s e oll\w/\don ot e
‘\(«\u% of T U, which 13 ¢ gval L ot dimorsion of

L. N f\QO+M'
.4}\,\ -\—c\\rad' Sew@./ \L’ T st be $ 90}

T\'\\ls' T W an isim«rr\\'\lm-
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101
(a) Define what it means for a real number A € R to be an eigenvalue of A.

A veal poader X s an eigewalve of A (4 Hlawe QW o

200
8. Let Abethematrix A= |1 1 1].

Moadero Yo v sy Ahad AV = ANV
(b) Find all eigenvectors of A.
-2 0 +0
- = |2-A ©0 ©O - 2-N 1=A -
det (A-AT) oS \ 10 )
I 1=A
° = (1—)\\[(1-%\ )
= (2-)\\(\’}‘) = = )\:”)‘c‘
- Lt x=2=)
o * - X= 2
(2B o s S M
| O by 0 A-2 -

O
(.*9 A amA
Tan e elgomdon oF hoare B RS [’lz-\ bb\

\,,)\D.R \/\‘3 e“{\iog'

(c) Find a diagonal matrix D and an invertible matrix P such that A = PDP~!, or

show that no such matrices exist.

S M dlmension 0% Ha elgenspace Corresponding o A= iy one wwilt e
N \W\@H o4 e einerwar A\ 3 wo , we Wnew that A B oaot

é\\\‘ﬁam\l\z‘-q\o‘.(' \‘\M\Q‘ Have art wo juck matnes D and P,
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