
Biophysics Final Exam
You may consult any notes, texts or articles, but you may not discuss the exam with 
anyone, with the exception of normal generic exam griping.  Please contact me if any 
question seems unclear.

Variation on the MWC model for hemoglobin
Adapt the MWC  model for hemoglobin (p. 29 of the Binding lecture) for a hemoglobin 
that has one defective subunit.  That is, suppose someone has engineered a mutant 
hemoglobin subunit with the heme binding site effectively permanently occupied.  
I. Write down the partition function for a hemoglobin that contains a 1:3 ratio of 

mutant:wildtype subunits.  Use the same variables as in lecture (εT, εR and ε) for 
the tight and relaxed binding energies and the tight-relaxed transition energy.  

II. Calculate the binding curve (fraction of sites occupied) as a function of concentra-
tion.  You can use the nondimensionalized concentrations x and y in this expression 
if you prefer.

III. Plot the binding curves for both normal Hb and this hybrid Hb with a reasonable set 
of binding coefficients (Kx = 55 / mmO2, Ky = 0.63 / mmO2, ε = 10 kBT).  Give a 
brief explanation of the difference between the two curves.

Nonmotility
There are many ways to knock out cell motility, including (1) deleting the peptidoglycan 
binding motif in MotB (2) deleting MotA (3) abolishing the protonmotive force (PMF) us-
ing FCCP or similar poisons, or (4) weakening or dissolving the cell wall (peptidoglycan 
layer).  From the outside of the cell, the effects of these interventions are indistinguish-
able: they all produce an immobile but intact flagellum.  However, they rely on two dis-
tinct mechanisms to abolish motility: one knocks out rotation of the motor itself, while 
the other decouples motor rotation from flagellum rotation.

I. Which of (1)-(4) relies on which mechanism?  
II. How would you experimentally demonstrate which mechanism was at work, assum-

ing you had access to all the biophysical techniques we've talked about this semes-
ter?  For each mechanism, write a short paragraph proposing a technique or two 
that would convince a skeptical reviewer, with specific details if possible. 
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Flashing ratchet model for kinesin
In lecture (pp. 38-39 of Motors I), I presented position versus time data for a one-
headed kinesin and a two-headed kinesin.  Fitting to the data gives speeds and effec-
tive 1D diffusion coefficients of 

motor v D tstep Lstep

one-headed kinesin 140 nm/s 44000 nm2/s 10 ms 8 nm

two-headed kinesin 710 nm/s 2200 nm2/s 1 ms 4 nm

My model of the stepping behavior gives the stepping times in the last column.  Lstep is 
the step length for the center of the kinesin molecule; for two-headed kinesin, this is half 
the head step distance (8 nm).

I. Random walk analysis.
A. Using the biased random walk model from lecture (p.19 of Diffusion I), calculate 

the forward and backward rate constants k+ and k– using the above parameters.
1. Show that you get nonsensical rates if you use an 8 nm step size for two-

headed kinesin
B. Using tstep and the rates from part 1, compute the forward and backward probabili-

ties (per step) for both kinesins.  
1. Show that you get nonsensical probabilities (greater than 1) for one-headed 

kinesin.
II. Flashing ratchet analysis.  To fix the p > 1 problem for one-headed kinesin, we need 

to invoke a more sophisticated model than the simple single step random walk.  In 
the flashing ratchet model, one-headed kinesin diffuses freely (it's in the "loose 
binding state") with diffusion coefficient D1d for a time tstep.  It then rebinds and is 
quickly  pulled into the minimum of the tight-binding curve.  The figure from lecture 
has a distribution of tight-binding locations (see P(x) in b2), but for simplicity we'll 
treat the motor as being exactly at one of the locations (...,-L,0,L,...) when tightly 
bound.  Asymmetry is produced by the peak of the tight-binding free energy (U(x) in 
a2) being displaced a distance δ from the midpoint between binding sites.  Take δ = 
1.4 nm here.

A. Starting from x = 0, and using D1d = 43,700 nm2/s, write the probability distribu-
tion  p(x) for positions of a motor after it has diffused for a time tstep.

B. Binding causes all motors in the range {–L/2–δ, L/2-δ} to be pulled to x=0, and 
similarly for the other binding sites at –2L, –L, L, 2L and so on.  Calculate the  
probability  that the motor will rebind at positions –10 L, –9L, ... -L, 0, +L, ... + 10L.  
You'll need to do this numerically in Mathematica or something similar.  Plot 
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p(ΔL).  Your distribution should be pretty  broad, which means there's a significant 
probability  that the one-headed kinesin will take step  of 2L, 3L, or even 4L in ei-
ther forward or backward directions.  (The equivalent distribution for two-headed 
kinesin is much less broad, which is why we can treat two-headed kinesin as only 
taking steps of ±L).

C. The effective speed is 

Calculate this and verify that it's close the quoted mean speed for one-headed 
kinesin.

D. The effective diffusion coefficient is.  

Calculate this and verify  that it's close the the quoted effective diffusion coeffi-
cient for one-headed kinesin.

Figuring out tstep and D1 from the original data for D and v is the inverse of the procedure 
you just followed, which is considerably more complicated since it involvs fitting through 
the non-analytic process in step IIB.  Note that you can do a similar analysis for the 
twoheaded ratchet; this gives D1d = 1,577 nm2/s and a very narrow distribution for p(ΔL), 
(essentially no probability other than at -L, 0, and +L), justifying a posteriori the single-
step random walk model in part I.  

v =
〈L〉
tstep

=
∑

p(∆L)∆L

tstep

D =
var(x)
2tstep

=
〈
L2

〉
− 〈L〉2

2tstep
=

∑
p(∆L)∆L2 − 〈L〉2

2tstep
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Flagellar motor
This section refers to the minireview “Flagellar movement driven by proton transloca-
tion” by David Blair in FEBS Letters 545:86-95 (2003), which is available in the “E-
reserves” section of the course website.  Please answer the following questions about 
the paper:

p. 86. “The fuel ... Vibrio species”:  Why couldnʼt a “neutrophile” use a Na+ gradient too?

p. 88, “The rotor-stator interface ... C-ring”:  How would you expect the torque-speed 
curve (Figure 3) to change depending on the location of the rotor-stator contract?  In 
particular, what would you expect to happen to the x-intercept, y-intercept and knee of 
the plot?  Assume that everything else about the motor is unchanged: only the contact 
radius changes.    
p. 88, “(1) For a given ... constant torque”:  Explain why this implies constant torque.

p. 88, “In an extension ... generation of torque”:  Give a brief explanation of how symme-
try mismatch can lead to a mechanism for rotation.

p. 88, “The lack ... motor components)”: Explain

p. 89, Figure 3.  
I. We would like to probe the two portions of the torque-speed curve both below and 

above the ~200 Hz “knee”.  The easiest way to do this is to shear off the flagellum, 
attach a bead to the stub, and let the motor turn the bead at some speed.  Assume 
beads spin on axis; i.e. ignore the possibility that the bead is whipped around the 
circumference of a circle.  

A. What bead size would cause the motor to operate exactly at the knee?  
B. You can buy  latex beads with diameters ranging from 0.5 microns to 10 microns.  

On a printout of Figure 3, indicate much of the torque-speed curve can you probe 
with this range of bead sizes.  You will probably need to solve this problem 
graphically.

C. In contrast, a recent paper (Yuan & Berg, PNAS 105:1182 (2008)) attached 60 
nm diameter colloidal gold particles to the flagellar stub and measured the rota-
tion rates below.  Locate this point on Figure 3 above.  Is this measurement con-
sistent with Figure 3?

were much larger and more erratic than the latter ones (data not
shown). Stuck spheres were easy to identify by eye, because they
could be brought into sharp focus.

When working with 1,000-nm latex, we saved time by starting
with a sphere that already had begun to rotate, added the
inducer, and then followed the behavior of the sphere over time,
as shown in Fig. 1C. Now, the motor increased its speed in a
series of equally spaced increments (five in Fig. 1), indicating that
several wild-type torque-generating units were able to displace
defective copies over the time span of the experiment. At either
low or high load, the speed increased within 10 min after addition
of the inducer, and at high load, it reached its maximal value
within an additional 20–30 min. It is reasonable to expect similar
behavior in either load regime, because the only genetic differ-
ence between the two strains is the additional low-copy-number
plasmid in strain JY23 that encodes FliCst. We conclude that the
speed of the motor is independent of the number of stator units
near zero external load.

Steady-State Behavior. Another way to do these experiments is to
monitor the steady-state speeds of populations of cells labeled with
60 nm gold or 1,000 nm latex in which expression of wild-type MotA
is induced with 5 or 100 !M rhamnose. The corresponding speed
histograms are shown in Fig. 2. At steady state, the number of
torque generating units per motor depends on the level of induction
(4). This number did not affect the speeds of motors operating near

zero load (Fig. 2 A and B), but it did affect the speeds of motors
operating at high load (Fig. 2 C and D). So once again, we conclude
that motor speed is independent of the number of torque-
generating units near zero load.

Discussion
One expects a single torque generating unit to drive the rotor as
rapidly as many if torque generators do not interfere with one
another (see below) and if they have a high duty ratio, i.e., if they
remain linked to the rotor for most of their mechanochemical
cycle (5, 9, 10). Zero-load speeds were all !300 Hz, a value
inferred earlier from experiments with tethered cells spun by
electro-rotation (8). Standard deviations in speed were relatively
small (!30 Hz). The smallest load on a free-running motor
studied previously was that of a 300-nm-diameter latex sphere on
a filament stub (9). Because the rotational viscous drag of a
sphere scales with the cube of its radius, a 60-nm-diameter gold
sphere on a hook reduces the lowest load ever studied by more
than two orders of magnitude.

Fig. 1. Resurrection traces. (A) Photomultiplier output (AC coupled) showing
sudden onset of rotation of a 60-nm gold sphere on the hook of a paralyzed
cell (strain JY22) after induction of wild-type MotA. (B) Speed as a function of
time after induction for the sphere tracked in A. (C) Speed as a function of time
after induction for a 1-!m latex sphere on a filament stub (strain JY23). Fig. 2. Speed histograms for steady-state induction of MotA. Each sphere

was observed for 30 s with its speed computed once per second. (A) Histogram
for gold spheres at low induction (5 !M rhamnose, 34 spheres on cells of strain
JY22, 5-Hz bins). (B) Histogram for gold spheres at high induction (0.1 mM
rhamnose, 40 spheres on cells of strain JY22, 5-Hz bins). (C) Histogram for latex
spheres at low induction (5 !M rhamnose, 44 spheres on cells of strain JY23,
2 Hz bins). (D) Histogram for latex spheres at high induction (0.1 mM rham-
nose, 27 spheres on cells of strain JY23, 2-Hz bins).

Yuan and Berg PNAS ! January 29, 2008 ! vol. 105 ! no. 4 ! 1183
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II. Panel B has idealized sketches of torque-speed curves for a “powerstroke” and 
“thermal ratchet” mechanism.  

A. In a few sentences, explain what “power-stroke” and “thermal ratchet” mean.
B. The idealized curves in Fig. 3B are distinctly different around speed=0.  Explain 

the difference, with particular attention to the question of backwards rotation.  
C. At high speed, it appears that the “thermal ratchet” curve is asymptoting to zero.

1. Under what conditions would this happen?  
2. Under other conditions the “thermal ratchet” curve will go through zero at high 

speed.  What conditions, and what is the significance of the zero crossing 
point?

 
p. 89, “Lithium ... load is light”:  Does this agree with the H+ motor mechanism as out-
lines in the previous paragraphs?  
 
p. 90, “550 H+ per revolution”:  Blair skips a couple of steps in deriving the 550 proton 
number.  Fill in the calculation explicitly.

p. 90, “Steps in the rotation ... smooth the motion”.  Explain why this makes it hard to 
observe steps.

p. 92, “Titratable groups ... rapid rates needed”.  Why  would having titratable groups 
have any effect on kinetics?

p. 92, “Gly-rich linker .. flexible”.  Why would a Gly-rich linker be flexible?
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