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Topics

· (1) Definitions of integral, rational, real, and complex numbers

· (2) Fractions

· (3) Absolute value

· (4) Properties of integral exponents 

· (5) nth roots and notation of nth roots; irrational exponents

· (6) Properties of logarithms; the logarithm function’s inverse function: basex
· (7) Converting from a base-a logarithm to a base-b logarithm

I. Definitions of integral, rational, real, and complex numbers

The following is the set of integers, or integral numbers: {…, -4, -3, -2, -1, 0, 1, 2, 3, 4…}.  The integers are called also the whole numbers.  The set of integers is symbolized by a boldfaced capital z: Z.  The symbol ( indicates membership.  x(Z means that x is a member of the set of integers; i.e., x is an integer.

The set of natural numbers, {1, 2, 3, 4, 5, …}, is a subset of the integers.  The natural numbers are called also the positive integers.  The set of natural numbers is symbolized by a boldfaced capital n: N.  Since the natural numbers are the positive integers, one may symbolize the set of natural numbers as a boldfaced capital z with a plus sign as a superscript: Z+.

The set of rational numbers is created from the integers through division.  A rational number is any number m/n such that m and n are integers and n does not equal zero.  ½, ¾, 5/7, and 500/11 are rational numbers.  Note that the numbers m/1 are rational numbers if m is an integer.  Since m can be any integer, all of the integers are rational numbers, too.  The set of rational numbers is symbolized by a boldfaced capital q: Q.  We will discuss rational numbers, or fractions of integers, in more detail in section II.  

The set of real numbers is the set of all possible negative and positive decimal numbers (both those finitely expressible and those only infinitely expressible) and zero.  Real numbers allow one to express any distance.  Imagine that I have drawn a dot on each of my index fingers and that I touch my index fingers together at the dots.  Now imagine that I draw my index fingers slowly away from each other and pause when the dots are exactly 10 centimeters apart.  The dots will have been distant from each other – at points along the way – by all amounts from zero to 10 centimeters.  At one point, the dots will have been 9.368295 centimeters from each other.  9.368295 is equal to 9,368,295/1,000,000 and is, therefore, a rational number.  The set of real numbers (symbolized as R), though, is much larger than the set of rational numbers.  At one point, the dots on my index fingers will have been distant from each other by square-root-of-2 centimeters = 1.41… and, at another point, ( = 3.14… centimeters.  The square root of 2 is not a rational number.  A proof of this follows.

A proof of that 2 is not rational

Assume there exist integers m and n such that m/n = square-root-of-2.  Then m2/n2 = 2.  Multiplying both sides by n2, we arrive at m2 = 2n2.  The number on the left side of the equation is a square of an integer, but the number on the right side is not a square.  To see this, note that the squares are 1, 4, 9, 16, 25, 36, 49, 64, etc., and that 2 is not a square.  Since 2 is not a square, 2n2 = 2*n*n is not a square; it cannot be regarded as an integer multiplied by itself.  We met this contradiction by solid reasoning.  Our only problem is the assumption we made at the start: that there exist integers m and n such that m/n = square-root-of-2.  We now know that there do not exist such m and n.

( [pi], too, is not a rational number.  You may have heard stories about (’s being calculated out to thousands of digits. (’s decimal expansion is infinitely long and non-repeating; i.e., it does not contain patterned repetitions.  Repeating decimals, though infinitely long, are decimal expansions of rational numbers.

Expressing repeating decimals as fractions of integers

Consider 2/9 = .2222… and 123/999 = .123123123123123… .  Any number whose decimal expansion contains an infinitely repeating ordered group of n (n ( N) digits can be considered the sum of (1) a fraction finitely expressible as a decimal number and (2) a fraction equal to one n-sized group divided by 99…99 (n 9’s) and multiplied by a decimal-point-adjusting fraction.  The adjusting fraction will be needed if the first member of the repeating group is not the first number after the decimal point.  For example: .678454545… = (678/1000) + (45/99)*(1/1000), a rational number.  In this example, 678/1000 is the fraction finitely expressible as a decimal number (i.e., .678); 45/99 is a fraction equal to one of the repeating ordered groups (i.e., 45) divided by 99 (two 9’s for the two members of the repeating ordered group); and 1/1000 is the decimal-point-adjusting fraction.

Although both ( and square-root-of-2 are not rational (they are irrational numbers), the two differ tremendously in the history of the theory of numbers.  Consider the following.  Polynomial equations are equations such as cnxn + cn–1xn–1 + … + c1x + c0 = 0 in which the coefficients cn, cn–1, etc., belong to a specified number system.  Often one will find only integral coefficients in polynomial equations.  In this case, the specified number system is the rational numbers.  (Given a polynomial with only fractional coefficients, we can create an equivalent polynomial with only integral coefficients by clearing the denominators of all of the fractions; e.g., by multiplying every term of the polynomial by the product of all of the denominators.)  

x2 – 2 = 0 is an example of a polynomial with only integral coefficients.  Despite its integral coefficients, the equation has only irrational solutions: ( square-root-of-two.  The full set of solutions to all possible polynomials with only integral coefficients includes many irrational numbers but excludes many others.  (, though, is an irrational number that is not a solution to any polynomial equation expressed with only integral coefficients.  Such irrational numbers are called transcendental numbers.

Integers, rational numbers, irrational numbers, and transcendental numbers are all real numbers.  The idea that one can express any distance with real numbers is essential to calculus.  Calculus deals with continuous variation.  The continuum of real numbers leaves no distance out.  The set of rational numbers has gaps.  For example, square-root-of-2 (which is approximately equal to 1.41) is missing from the set of rational numbers between 1 and 1½.  The real numbers have no such gaps.  The set of real numbers is the completion of its subsets.


There is another set of numbers that plays an important role in mathematics.  The complex numbers (symbolized as C) are all of the numbers of the form (a + bi) such that a and b are real numbers and i is the square root of -1.  (i is often called an imaginary number.)  Consider the following equation: x2 + 1 = 0.  If we add -1 to each side of the equation, we arrive at x2 = -1.  The squares of all of the real numbers are positive.  Therefore, the solutions to x2 = -1 are not real.  This equation has two solutions from the complex numbers.  Expressed in the form (a + bi), they are (0 + i) and (0 – i).  You will encounter complex numbers in the solutions to many polynomial equations with only integral coefficients.

II. Fractions

Fractions are expressions such as m/n in which one quantity is divided by another quantity.  Rational numbers are fractions expressible in only integers.  In other words, if m/n is a rational number, then we know that both m and n belong to the integers.  In the fraction m/n, m is the numerator and n is the denominator.  When m < n, a fraction is called proper.  If m > n, a fraction is called improper.

Let’s find the product of two fractions.  What is (5/8)*(2/3)?  We multiply the numerators to arrive at the product's numerator and we multiply the denominators to arrive at the product's denominator.  The product is (5*2)/(8*3) = 10/24.  Now note that if we multiply a fraction by a fraction equal to 1, we will get a product equal to the first fraction.  However, since there are many ways we can express 1 as a fraction, our product may not look the same as the first fraction.  Consider (5/8)*(7/7) = 35/56.  35/56 = 5/8 because 7/7 = 1.  A question arises: How do we express a fraction with the smallest numbers possible?  For example, if we were given 35/56, we might ask ourselves: Is 35/56 a fraction in lowest terms?  To put a fraction in lowest terms, we first must find the greatest common factor of the numerator and denominator.  Since we multiplied both the numerator and denominator of 5/8 by 7 to yield 35/56, we know that 35 and 56 share a factor of 7.  Let’s divide both 35 and 56 by 7.  (35/7)/(56/7) = 5/8.  Now, do 5 and 8 share any factors?  8 is equal to 2*2*2 and 5 is itself a prime number – that is, a positive integer indivisible by positive integers other than itself and 1.  Therefore, 5/8 is a fraction in lowest terms.  Our first product, 10/24, is not in lowest terms since the numerator and denominator share a factor of 2.  Dividing numerator and denominator by 2, we get 5/16.  16 is equal to 2*2*2*2 and 5 is prime.  Therefore, 5/16 is a fraction in lowest terms.

Let’s find the sum of two fractions. What is (2/3) + (5/7)?  Before two fractions can be added (or one can be subtracted from another), they must have the same denomination.  We know from above that 2/3 and 5/7 can be expressed differently.  E.g., 2/3 = 4/6 = 6/9 = 8/12, etc. and 5/7 = 10/14 = 15/21 = 20/28, etc.  We need to find expressions for 2/3 and 5/7 that have the same denominator.  A simple method to find a common denominator is to find the product of the denominators.  In this case, the product 3*7 = 21.  (We might not arrive at the least common denominator with this method, but we need only a common denominator – not the least one.)

If we intend to use 21 as our common denominator, we must multiply both the numerator and the denominator of 2/3 by 7 to get 14/21.  Also, we must multiply both the numerator and denominator of 5/7 by 3 to get 15/21.  (14/21) + (15/21) = (14+15)/21 = 29/21, an improper fraction in lowest terms (29 is prime).  29/21 can be rewritten as the sum of an integer and a proper fraction.  29/21 = (21/21) + (8/21) = 1 + 8/21.  (8/21, too, is in lowest terms because 8 = 2*2*2 and 21 = 3*7.  2, 3, and 7 are prime numbers.)  If we wished to subtract 2/3 from 5/7, we still would need to find a common denominator.  With 21 as our common denominator, we would subtract 14/21 from 15/21 to arrive at 1/21.


Let’s consider dividing a fraction by another fraction.  Dividing fractions is conceptually less straightforward than multiplying fractions.  When we multiply 4/5 by ¾ (for example), we ask: If we cut a 4/5-portion of a whole into quarters and retain three of those quarters, how much of the whole will we have?  We will have 3/5 of the whole.  How do we divide by a fraction, though?  To work with an example, let us divide 4/5 by ¾?  If we were to divide 4/5 by an integer, say 2, our process would be clearer.  We would divide 4/5 into two pieces of equal size and observe the size of one piece.  In other words, we would regard 4/5 as consistent of two pieces of equal size and record the size of one piece.  Similarly, to divide 4/5 by ¾, we regard 4/5 as consistent of a ¾-piece and we seek the size of a one-piece.  That is, if 4/5 is a ¾-piece of a number x, what is x?  We have the equation: x*¾ = 4/5.  That is, (3x)/4 = 4/5.  Multiply each side of the equation by 20 to get 5*3x = 4*4.  Now divide each side of the equation by 15 to get x = 16/15.  The size of one piece is 16/15 = 1 + (1/15).


Notice that our first manipulation of the equation was the multiplication of each side

by 20.  Our next manipulation was the division of each side by 15.  If one multiplies by 20 and divides by 15, one has multiplied by 20/15 = 4/3.  4/3 is the reciprocal of ¾, the number by which we divided 4/5.  This leads us to a quick way to divide fractions: (m/n) ( (a/b) = (m/n)*(b/a).  Multiply by the reciprocal of the divisor.

III. Absolute value

The absolute value of a number is its magnitude, or distance from zero.  Since we are concerned with distance from zero, all absolute values are positive.  Therefore, all positive numbers are their own absolute values.  To find the absolute value of a negative number, remove its negative sign.  The absolute value of a number r is notated as |r|.

What is |8|?  8.  What is |-5|?  -5 has a distance of 5 from zero; therefore, its absolute value is 5.  What is |16 – 31|?  |16 – 31| = |-15| = 15.

IV. Properties of integral exponents

Consider the expression 2*2*2*2*2*2*2.  This is the product of seven 2’s.  Writing this product as I did in the first sentence is a bit tedious, and expressing the product of fifty 2’s in this manner would be absurdly tedious. The shorthand notation for the product of seven 2’s is 27.  We can rewrite 27 = 2*2*2*2*2*2*2 as (2*2)*(2*2*2*2*2) = 22*25, or (2)*(2*2*2*2*2*2) = 21*26, or (2*2*2)*(2*2*2*2) = 23*24, or 2a2b for any a,b ( R whose sum is 7.

Any nonzero real number to the zeroth power is equal to 1.  (Zero to the zeroth power stays zero, though.)  For example, 20 = 40 = (square-root-of-2)0 = (0 = 10,0000 = 1.

For any nonzero a ( R and any n ( Z, a-n = 1/an.  For example, 1/1000 = 1/103 = 10-3.

Consider 3*3*3*3*3*3*3*3 = 38.  If we group the 3’s into two groups of four 3’s, we will have (3*3*3*3)*(3*3*3*3) = 34*34.  Remember, though, that any number multiplied by itself is the square of that number.  Therefore, 38 = 34*34 = (34)2.  The exponents multiply.  We might have grouped 38 as (3*3)*(3*3)*(3*3)*(3*3) =  32*32*32*32 = (32)4.  Our general conclusion is that (am)n = am*n for any nonzero a ( R and any m,n ( Z.

Notice that (am)n = am*n for any integers m and n – not only positive integers m and n.  Consider (5-1)3.  This is (1/5)3 = (1/5)*(1/5)*(1/5) = 1/(5*5*5) = 1/53 = 5-3.  What is (7-2)-3?  What is [(( 2)-4]3?

V. nth roots and notation of nth roots; irrational exponents

When one asks for the square root of a positive number b, one seeks the positive number a such that a*a = a2 = b.  One may write a = (a2)½ = b½.  Rational exponents are used to denote nth (n ( N) roots.  What is 25½?  5 is the square root of 2.  What is 81/3?  2 is the cube root of 8.  What is 2431/5?  3 is the fifth root of 243.  What is 10241/10?  2 is the tenth root of 1024.  Thus, if we seek the one-hundredth root of b; i.e., the positive number a such that a100 = b; we may write: what is b1/100 or b.01?

The symbol ( is used to denote the square root of whatever may reside under the symbol.  This symbol with a small integer n upon its left ledge is used to denote the nth root of whatever may reside inside.  Remember that without an integer n on its left ledge, the symbol denotes the square root of what is inside it.

One may use irrational exponents, too.  2π = 23.14… is an example of a number raised to an irrational power.  Although one may find conceptualizing irrational exponents more difficult than conceptualizing rational exponents (e.g., geometrically), the two have the same properties.  I.e., (ar)s = ar*s and ar*ar = ar+r = a2r and a-r = 1/ar for a(0(( and r,s( R\Q (the set of irrational numbers).

VI. Properties of logarithms; the logarithm function’s inverse function: basex
The base-b (b>0 ( R) logarithm of r>0 ( R is the number x( R such that bx = r.  For example, log10100 = 2 because 102 = 100, and log2128 = 7 because 27 = 128.  In the expression log10100, 10 is the base.  In the expression log2128, 2 is the base.  What is log381?  What is log101,000,000?  What is log55?  What is log2½?  The answers are 4 (because 34 = 81), 6 (because 106 = 1,000,000), 1 (because 51 = 5), and -1 (because 2-1 = ½).  Now note that both 

log2½ and -log22 equal -1.  For any positive a,b( R and any y( R, logbay = ylogba.  That is, we may feel free to move the exponent to the front of the logarithm.  Consider the following example: log2322 = log2(25)2 = log2210 = 10 or log2322 = 2log232 = 2log225 = 2*5 = 10.


Logarithms have two other important properties.  Let b(0 ( R be our base:  

(1) log(pq) = logp + logq for any positive real p and q.  (For example, log2(4*32) = log2128 = 7 = log24 + log232 = 2 + 5.)  (2) log(p/q) = logp – logq for any positive real p and q.  This follows from (1) because log(1/q) = logq-1 = -logq.


What is log10(100+10)?  The answer is not 2 + 1 = 3.  Logarithms do not have this property.


Exponentiation and the taking of logarithms are inverse processes provided both employ the same base.  Consider that 2log232 = 25 = 32.  The general case is that for any positive real base b and any positive real x, blogbx = x and logbbx = x.  That is, for any real positive base, the composition; i.e., f(g(x)) or g(f(x)); of exponentiation and the taking of a logarithm will give back the number x at which one evaluates the composite function.  Note that there are two orders in which we can compose exponentiation and logarithm-taking.  Since both orders yield x, we know the two functions are inverse functions of each other.

VII. Converting from a base-a logarithm to a base-b logarithm

Assume that a and b are positive real numbers and assume we know that logax = 5.  What is logbx?  We know from our given information that a5 = x.  Now we ask: by = x? That is, 

a5 = by?  Recall that a and b are given; therefore, our only unknown is y.  Take the base-a logarithm of each side of a5 = by.  We get logaa5 = logaby.  The left side of the equation equals 5.  Remember that we can move b’s exponent, y.  We have 5 = ylogab.  Then 5/logab = y.  

Consider the following problem: Given that log264 = 6, find log464.  We can solve this problem without using the given information by observing that 4*4*4 = 43 = 64.  However, if we use the conversion formula demonstrated above (with the given information), we find that log464 = 6/log24 = 6/2 = 3.

Homework Problem Set 1

Topics

· (1) Definitions of integral, rational, real, and complex numbers

· (2) Fractions

· (3) Absolute value

· (4) Properties of integral exponents 

· (5) nth roots and notation of nth roots; irrational exponents

· (6) Properties of logarithms; the logarithm function’s inverse function: basex
· (7) Converting from a base-a logarithm to a base-b logarithm

Please solve the following problems without using a calculator.

1a. 
Is -5 an integer?

1b. 
Is (the square root of 3) / 7 a rational number?  Is (the square root of 4) / 5 a rational number?

1c. 
Write three real numbers between 2.5 and 3?

1d. 
Which set is larger: the set of real numbers between 0 and 1 (excluding endpoints) or the set of real numbers between negative infinity and positive infinity?

1e.
Offer an example of a continuum from your daily experiences.

1f.
What are the solutions to the equation x2 + 5 = 0?  Now graph a few points of y = x2 + 5.

1g.
The complex plane is a two-dimensional space in which complex numbers a + bi are graphed so that a is on the horizontal axis and b (the imaginary component) is on the vertical axis.  Draw a complex plane and graph the point 2 + 2i?  Draw a line from this point to the origin of the plane.  What is the length of this line?  What is the angle between this line and the horizontal axis?  Now square the number

2 + 2i [Find (2+2i)(2+2i) = (2+2i)2 by multiplying every term of the first (2+2i) by every term of the second (2+2i)2.] and plot the resulting point.  Draw a line from the point to the origin.  What is the length of the line and what is the angle it makes with the positive branch of the horizontal axis?  Make some observations and offer a hypothesis to explain them.

2a.
What is 9/10 of 7/8?

2b.
Add 5/9 and 5/6 and present your answer in lowest terms?  What is the least common denominator?

2c.
What 1/10 divided by ¼?  After solving with the method presented in section II, try solving with decimal representations of 1/10 and ¼.

3.
What is ||6 – 5 + 3|  –  2|7*(11–14)||?

4a.
What is 27* 23?  After writing your answer in exponential notation, find the number.

4b.
What is 103/10-4?

4c.
What is (-1)0?  What is -10?

4d.
 What is [(22)2]2?  After writing your answer in exponential notation, find the number.

5a.
Write the cube root of 512 in radical notation.  Also, write it with a fractional exponent.  Now find the cube root of 512.

5b.
What is (1 billion)1/9?

5c.
What is the fifth root of 323?

5d.
Estimate 10,000,000,000(.

6a.
What is log3311?

6b.
What is log10250 + log104?

6c.
What is 2log223?

7.
If log5x = 3, what is log2x?  After writing your answer with logarithmic notation, estimate your answer.

Extra Problems in Exponents and Logarithms

(with reminders and hints)

Topics

· (4) Properties of integral exponents 

· (5) nth roots and notation of nth roots; irrational exponents

· (6) Properties of logarithms; the logarithm function’s inverse function: basex
· (7) Converting from a base-a logarithm to a base-b logarithm

4e.
What is 72/7-1?  What is 28/82?  Write your answers in exponential notation.  (One may


add and subtract exponents that have the same base.) 


5e.
Write the seventh root of 128 in radical notation.  (Remember the 7 on the ledge of the radical sign.)
5f.
What is (84)⅓?  What is (2⅓)6?  What is (10¼)-13?  (Remember that (xr)s = xrs.  Also, remember that if u + v = t, xt = xu+v = xu*xv.  The product rs may be expressed in infinitely many ways; e.g., rs = sr = (¼r)(4s).  The sum u + v may be expressed in infinitely many ways; e.g., u + v = v + u = ⅓u+ ⅔u + ½v + ½v.  Express exponents in ways that help you solve problems more clearly.)
6d.
What is log101010?  What is log248?  (Exponentiation and logarithm-taking are inverse processes if they involve the same base.)
6e.
What is 7log761?  What is log5578?  What is 3log927?  (See note in 6d.)
6f.
What is log1224 + log126?  What is log2⅔ + log248?  What is log10250 – log105/2?  (Remember that logbpq = logbp + logbq and that logbxy = ylogbx.)
7b.
We know that log232 = 5.  What is log432?  If log2r = 20, what is log1024r?  If log10x = 4, what is log7x?  Estimate log7x.  (To convert a base-a logarithm to a base-b logarithm, set the latter equal to x and remember the question posed by logarithms.  Use this question to create an equation of two exponential expressions.  Then take the base-b logarithm of both sides and remember that logbry = ylogbr.)
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